Abstract. This article surveys the relations between harmonic Higgs bundles and Saito structures which lead to tt * geometry on Frobenius manifolds. We give the main lines of the proof of the existence of a canonical tt * structure on the base space of the universal unfolding of convenient and nondegenerate Laurent polynomials.
Introduction
The notion of a tt * structure on a holomorphic vector bundle is now understood, after the work of C. Hertling [7] , as an enrichment of that of harmonic Higgs bundle previously introduced by N. Hitchin and C. Simpson. Given the Higgs field Φ and the harmonic metric h on the holomorphic bundle E on a complex manifold M , the new ingredients needed for a tt * structure are a real structure on the associated C ∞ bundle H, a holomorphic endomorphism U of E and a C ∞ endomorphism Q of H subject to some compatibility relations. In the following, we relax the condition for h to be positive definite, and only ask that it be Hermitian and nondegenerate. When needed, we will emphasize the positive definite case.
It has been highly enlightening in two ways to interpret (cf.
[31]) harmonic Higgs bundles as variations of polarized twistor structures of weight 0: firstly, it makes the analogy with variations of Hodge structures more transparent and, secondly, it enables one to do geometry with the external parameter z added for this purpose. From this point of view, the relations satisfied by the endomorphisms U and Q in a tt * structure appear as expressing the complete integrability of a connection on the twistor bundle.
A nearby (purely holomorphic) notion, that of a Saito structure, has emerged from the work of K. Saito [23] and M. Saito [25] as a basic tool to produce Frobenius manifolds from singularities of holomorphic functions. While it is already present in [7] , the bridge between these two notions is made more transparent in §1 by the introduction of a potential for the Higgs field.
When the tt * structure exists on the tangent bundle of M , we speak of tt * geometry, which is a generalization of special geometries on M . Of particular interest for us is the case where M is a Frobenius manifold. In such a case, a Saito structure exists on the tangent bundle together with supplementary symmetry properties, giving rise to a commutative and associative product with unit on T M . Adding a tt * structure in a compatible way (i.e., with the help of a potential for the Higgs field) leads to the structure of harmonic Frobenius manifold.
The main result we report here (cf. Theorem 4.7) is the existence of a canonical harmonic structure on the canonical Frobenius manifold attached to a convenient and nondegenerate Laurent polynomial. Moreover, the corresponding Hermitian form is positive definite.
In this survey article, which contains no original results, we first give ( § §1 and 2) a quick overview of tt * structures, Saito structures and variations of twistor structures (a more detailed exposition can be found in [7] and [9] ). In §3, we explain the Fourier-Laplace method for constructing polarized pure twistor structures starting from a variation of polarized Hodge structure. In §4, we show how to apply this technique to the Gauss-Manin connection of a Laurent polynomial, with the help of M. Saito's mixed Hodge theory [26] . One can find details for the results of § §3 and 4 in [19, 22] , and many other results and applications in [9] .
Acknowledgements. The author thanks Ron Donagi and Katrin Wendland, organizers of the conference "From tQFT to tt * and integrability", for having given him the opportunity to talk about the contents of this article.
Harmonic Frobenius manifolds
In this section we first recall the notion of a harmonic Higgs bundle, following C. Simpson [30] , and we introduce supplementary structures which will be useful for defining harmonic Frobenius manifolds.
1.a. Harmonic Higgs bundles. Let M be a complex manifold and let E be a holomorphic bundle on M , equipped with a Hermitian nondegenerate sesquilinear form h (we do not impose at this stage that h is positive definite). We will say that (E, h) is a Hermitian holomorphic bundle. For any operator P acting linearly on E, we will denote by P † its adjoint with respect to h. By a holomorphic Higgs field Φ on E, we mean an O M -linear morphism E → Ω 1 M ⊗ O M E satisfying the "integrability relation" Φ ∧ Φ = 0. We then say that (E, Φ) is a Higgs bundle.
Let (E, h) be a Hermitian holomorphic bundle with Higgs field Φ. Let H be the associated C ∞ bundle, so that E = Ker d , let D = D + D , with D = d , be the Chern connection of h and let Φ † be the h-adjoint of Φ. We say that (E, h, Φ) is a harmonic Higgs bundle (or that h is Hermite-Einstein with respect to (E, Φ)) if
† is an integrable connection on H. This is equivalent to a set of relations:
where the first line is by definition, the second one by h-adjointness from the first one, and the third line contains the remaining relations in the integrability condition of 1.b. Saito structures on holomorphic bundles. The notion of a Saito structure leads, together with a primitive homogeneous section, to the construction of Frobenius manifolds (sometimes one includes the data of the primitive homogeneous section in the Saito structure; we will not do this here). Let us recall it. By a Saito structure (of weight 0) on a holomorphic bundle E on M , we mean the data of (E, , g, Φ, U , V ) such that is a holomorphic connection on E, Φ is a holomorphic Higgs field, g is a nondegenerate symmetric holomorphic bilinear form on E, U and V are endomorphisms of E, satisfying (see e.g. 
1.c. Harmonic Higgs bundles with supplementary structures.
In this section, we consider supplementary structures on a harmonic Higgs bundle. These supplementary structures produce the data needed to construct a Saito structure (cf. [7] for more details).
Real structure on a Hermitian holomorphic bundle. Let (E, h) be a Hermitian holomorphic bundle, and let H be the associated C ∞ bundle. By a real structure we mean an antilinear isomorphism κ : H For any linear operator P on H, we denote by P * the g-adjoint of P (which is holomorphic if P is so). Then
Potential harmonic Higgs bundles. Let (E, h, Φ) be a harmonic Higgs bundle. From (1.1), we have d Φ † = 0. Hence there exists, at least locally, a C ∞ endomorphism B of E such that d B = Φ † or, equivalently by setting A = B † , D A = Φ. Let then (E, h) be a Hermitian holomorphic bundle and let A be a C ∞ endomorphism of the associated C ∞ bundle H. We say that (E, h, A) is a potential harmonic Higgs bundle if (1.7) (E, h, D A) is a harmonic Higgs bundle.
In other words, we assume here the global existence of A and a choice of it. (Except in simple examples such as Example 1.35, it is not expected that A is holomorphic.) For a potential harmonic Higgs bundle (E, h, A), we set Φ = D A, which is a Higgs field by definition. We can associate to these data a new connection of type (1, 0):
From (1.1) we get that is holomorphic, i.e., d + d = 0. Real (potential) harmonic Higgs bundles. Let us consider (E, h, Φ, κ) (resp. (E, h, A, κ)), where (E, h, κ) is a real Hermitian holomorphic bundle and (E, h, Φ) (resp. (E, h, A)) is a (resp. potential) harmonic Higgs bundle. We say that (E, h, Φ, κ) is a real harmonic Higgs bundle if the following compatibility relation is satisfied:
According to (1.6) , this is equivalent to Φ † = κΦκ (resp. A † = κAκ) or, equivalently, to V D(κ) = 0, i.e., κ is a real structure on the local system Ker V . In other words, if we denote, for any z o ∈ C * , by (V (zo) , V (zo) ) the flat bundle Ker(D + z o Φ † ), D + Φ/z o , then the conditions (1.3), (1.5) and (1.9) on κ can be rephrased by saying that κ is a real structure on each of the locally constant sheaves Ker Lastly, from D(Φ) = 0 given by (1.1) we also deduce (1.11) (Φ) = 0.
Integrable (potential) harmonic Higgs bundles. Let (E, h, Φ) be a harmonic Higgs bundle. We say that it is integrable 1 if there exist two endomorphisms U and Q of H such that U is holomorphic, i.e., d (U ) = 0, (1.12)
Let us note that (U , Q + λ Id) satisfy the same equations for any λ ∈ R.
If (E, h, Φ) is moreover potential (i.e., Φ = D A), then, in analogy with (1.8), we set
The equation (1.16) † obtained from (1.16) by adjointness can be written d (V ) = 0, showing that V is then a holomorphic endomorphism of E.
Let us also notice that (1.15) can as well be written as
tt * bundles. We now end with all the structures put together, that is, we consider tuples (E, h, Φ, κ, U , Q) such that (E, h, κ) is a real Hermitian holomorphic bundle (so (1.3)-(1.5) are satisfied), (E, h, Φ, U , Q) is an integrable harmonic Higgs bundle (i.e., (1.7) and (1.12)-(1.16) are satisfied), and moreover
Let us note that (1.13) and (1.20) imply (1.21) Q is purely imaginary, i.e., Qκ = −κQ.
One defines potential tt * bundles similarly. For such an object,
Data for a Saito structure. Given potential tt * bundle (E, h, A, κ, U , Q), we have associated to it a tuple (E, , g, Φ, U , V ) satisfying the relations (1.2) except possibly
(Indeed, these relations were derived in (1.5 ), (1.9), (1.10), (1.11), (1.18), (1.19) and (1.22).)
1.d. Saito structures with supplementary structures. Starting now from a Saito structure (E, , g, Φ, U , V ) on E as in §1.b, we will add supplementary structures κ and A and try to reconstruct a tt * bundle. Real structure. We still denote by H the C ∞ bundle associated to E. We say that an antilinear isomorphism κ : H → H is a real structure if κ 2 = Id H . We define the nondegenerate sesquilinear form h by h(•, κ•) = g(•, •). We impose the following compatibility relations:
We notice that, with this definition of D and Φ † , the third line of (1.1) is satisfied and that
We also have Q * + Q = 0, (1.15) is fulfilled as well as (1.16) † . We say that A † is a harmonic potential for the Saito structure (E, , g, Φ, U , V ) if the second line of (1.1) is satisfied.
Harmonic potential real Saito structure. Let (E, , g, Φ, U , V ) be a Saito structure equipped with a harmonic real structure κ (and associated harmonic Hermitian form h) and a harmonic potential A † . We say that the two structures are compatible if the following properties are fulfilled:
(1) h and A † define the same connection D , (2) the h-adjoint of Φ is
We then speak of a harmonic potential real Saito structure (E, , g, Φ, U , V , κ, A † ).
There is a one-to-one correspondence between harmonic potential real Saito structures (E, , g, Φ, U , V , κ, A † ) and potential tt * bundles (E, h, A, κ, U , Q) satisfying (1.23).
1.e. Harmonic Frobenius manifolds. A structure of Frobenius manifold (or Saito manifold) on a complex manifold M consists in giving a Saito structure on the tangent bundle M with the supplementary conditions that is torsion-free, (1.25) Φ is symmetric, (1.26)
(e) = 0, e is an eigenvector of V and Φ e = − Id T M . (1.27) Let us recall that a Higgs field on T M defines a product on T M by setting ξ η = −Φ ξ η and that saying Φ is symmetric means that is commutative (and also associative because of the Higgs condition). The vector field e is then a unit for . The Euler field E is defined as U (e), and U is identified with the multiplication by E. If c ∈ C is defined by V e = ce, we then have E = V + (1 − c) Id, so that e E = e. Moreover, we have Lie E (g) = 2(1 − c) (cf. e.g. The new data added to a Frobenius manifold in order to make it harmonic consist of a real structure κ on T M and a potential A † (or A), satisfying the relations described in §1.d. Proof. Firstly, (1.5) in loc. cit. means κΦκ = Φ † , which is equivalent to Φ * = Φ (and is true by assumption, cf. (1.2)).
As e = 0 and is torsion-free, we have e = Lie e . As Φ e = − Id, (1.8) thus implies Lie e = e = D e . Therefore Lie e (h) = 0, so [7, (1.6)] is satisfied.
We will now show that, if we denote by c the eigenvalue of V with respect to e as above, we have
Let us first remark that, as E is holomorphic, d E acting on T M is zero, so that we can replace
But on the other hand, using the torsion-freeness of , 
† ) be a harmonic potential real Saito structure on E and let ω be a -horizontal section of E which is primitive and real homogeneous, i.e., such that
ω is an eigenvector of V with real eigenvalue. Then ϕ ω equips M with the structure of a harmonic Frobenius manifold. The main source of examples, when M is compact Kähler, comes from the fundamental result of K. Corlette [2] and C. Simpson [28] saying that a flat bundle (V, V ) admits a harmonic metric (i.e., positive definite) if and only if the local system Ker V is semi-simple. The metric is then uniquely determined (up to a positive constant) on any simple summand. Similarly, a Hermite-Einstein metric h exists for (E, Φ) iff (E, Φ) is polystable with vanishing Chern classes.
In general, such a metric is not determined explicitly, but is given by a nontrivial global existence result. V ) with metric h on M , tameness means that the h-norm of horizontal sections has at most a moderate growth along D. One of the main results of [15] is a oneto-one correspondence between semi-simple local systems on M and harmonic flat bundles (V, V , h) for which the metric is tame and the eigenvalues of the residue of the Higgs field along D are purely imaginary. Here also, the metric is not determined explicitly, but is given by a nontrivial global existence result. 
We assume that the Griffiths transversality relations hold: Example 1.35 (The rank-one case on a punctured disc). In order to have a concrete example at hand, we will give details on the rank-one case on the punctured unit disc ∆ * (having coordinate t), with a positive definite Hermitian form h (i.e., a Hermitian metric). Although very simple, the rank-one case gives indications on the relations between the eigenvalues of the Higgs field and that of the monodromy of the integrable connection V . Let us first introduce some notation. In the following, we denote by B the set of equivalence classes of affine forms b : z → uz + v modulo the addition of a purely imaginary complex number: we have b ≡ b ⇔ (u = u ) and (v − v ∈ iR). Given an affine form b, we consider the UNIVERSAL UNFOLDINGS OF LAURENT POLYNOMIALS AND tt * STRUCTURES 9 two functions
where, if b(z) = uz + v, we set Proof. We will do the proof for harmonic Higgs bundles. The case of harmonic flat bundles is similar and the proof will show the 1-1 correspondence between the two. Let us start with a rank-one harmonic Higgs bundle (H, D , Φ, h). Let e be some holomorphic frame of E = Ker D . The Higgs field Φ can be written as
Let us set ϕ(t) = ∂ t ψ(t) + β 0 /t with ψ ∈ O(∆ * ) and ψdt/t having no residue at 0 and β 0 ∈ C. Let us note here that ϕ is meromorphic iff ψ is so. Let us also set e h = exp(λ(t)) for some C ∞ real function λ on ∆ * . Then we have D e = 2∂ t λ · e dt and the harmonicity condition on the Higgs bundle is that λ is harmonic on ∆ * . Indeed, in the orthonormal frame ε = exp(−λ(t)) · e , we have
Therefore,
The flatness of V D is then equivalent to 2∂ t ∂ t λ = 0. If λ is harmonic on ∆ * , there exists (by working on the universal cover of ∆ * ) a holomorphic function µ on ∆ * and a real number c, such that λ(t) = 2(Re µ(t) + c log |t|). We have ∂ t λ = ∂ t µ + c/t and ∂ t λ = ∂ t λ. Let us then replace e with e = exp(−2µ(t)) · e , which has h-norm |t| 2c . So we can assume from the beginning that λ = b 0 log |t|, b 0 ∈ R. Therefore, ε = |t| −b0 e and we have
Now, (1.37) and (1.38) can be rewritten as
In [15] , Mochizuki uses the notation −p, e. 3 Anticipating the notation introduced in §2, let us notice that "Re"
We will consider the affine form
We will use the notation
It is V D -holomorphic and has h-norm |t| b1 . We have
Let us end the proof of (1.36). Let e be another holomorphic frame of E such that |t| −b 0 e has norm one. Then e = ν(t)e for some holomorphic function ν(t) on ∆ * having moderate growth, which is thus meromorphic. We hence have b 0 − b 0 = k ∈ Z and e = νt k e with |ν| = 1. The Higgs field has the same expression in the bases e and e , thus fixing β 0 and ψ. 
One must have A = ψ + β 0 log |t| 2 + anti-holomorphic. However, as A † only appears through a commutator, it is not needed in rank one, and one has = D . If β 0 = 0, integrability only holds on simply connected open sets of the punctured disc: Q must be a real constant and U has to be a holomorphic function which satisfies U (t) = −(∂ t ψ + β 0 /t). In order to have integrability on the whole punctured disc while keeping a singularity at the origin, it is necessary to admit a nontame metric, i.e., ψ meromorphic and nonholomorphic.
Integrable variations of twistor structures
In this section, we explain a criterion, due to C. Hertling, for proving the harmonicity of a Frobenius manifold. We first recall the introduction of an extra parameter to explain either the relations defining a harmonic Higgs bundle or that defining a Saito structure.
All through this section, M will denote a complex manifold, M the conjugate manifold (with structure sheaf O M ), and M R will denote the underlying realanalytic or C ∞ -manifold. We will denote by P 1 the Riemann sphere, covered by the two affine charts A 1 with coordinates z and 1/z, and by p :
The coordinate z being fixed, we denote by S the circle |z| = 1, by Ω 0 an open neighbourhood of the closed disc ∆ 0 := {|z| 1} and by Ω ∞ an open neighbourhood of the closed disc ∆ ∞ := {|z| 1}.
We will denote by σ : P 1 → P 1 the anti-holomorphic involution z → −1/z. We assume that Ω ∞ = σ(Ω 0 ). We denote by ι :
2.a. Families of vector bundles on the Riemann sphere. Let H be a holomorphic vector bundle on M × Ω 0 . Then H is a holomorphic bundle on the conjugate manifold M × Ω 0 and σ * H is a holomorphic bundle on M × Ω ∞ (i.e., is an anti-holomorphic family of holomorphic bundles on Ω ∞ ). We will set H := σ * H . By a real-analytic (resp. C ∞ ) family of holomorphic vector bundles on P 1 parametrized by M R we will mean the data of a triple (H , H , C S ) consisting of holomorphic vector bundle H , H on M × Ω 0 and a nondegenerate morphism which is
M R ×S is either the sheaf of real-analytic functions on M R × S if * = R-an, or the sheaf of C ∞ functions on M R × S which are real analytic with respect to z ∈ S if * = ∞. The nondegeneracy condition means that C S defines C * ,an -gluing between the dual H ∨ of H and H , giving rise to a C * ,an M R ×P 1 -locally free sheaf of finite rank that we denote by H , where C * ,an
real-analytic functions on M R × P 1 which are holomorphic with respect to z.
Remark 2.1. We could have started from C * ,an M R ×Ω0 -locally free sheaves (cf. (2.3) below), but we insist here that these sheaves come from holomorphic bundles, even if the result H of the gluing is only a C * ,an M R ×P 1 -locally free sheaf. On the other hand, using a pairing instead of a gluing is not essential here, as we can replace H with its dual bundle, and is mainly motivated by (2.5), as well as a better behaviour near singularities, when one develops the theory with singularities (twistor D-modules, cf.
[20]).
In order to give a uniform result on holomorphic, real-analytic or C ∞ families of holomorphic bundles on P 1 , we will give a similar presentation for holomorphic families. Let us denote by σ : P 1 → P 1 the involution z → −1/z. Given a holomorphic bundle H on M × Ω 0 , we now denote by H the holomorphic bundle σ * H . By a holomorphic family of vector bundles on P 1 parametrized by M we will mean the data of a triple (H , H , C S ), where H (resp. H ) is a holomorphic vector bundle on M × Ω 0 and C S :
pairing between the sheaf-theoretic restrictions to M × S, defining a gluing between H ∨ and H , hence a holomorphic vector bundle H on M × P 1 . Let us notice that a real analytic family as above, parametrized by the real analytic variety M R , can be extended to the germ of complexification (M R ) C of M R as a holomorphic family. Proposition 2.2. Let (H , H , C S ) be a holomorphic (resp. C R-an,an ) family of holomorphic vector bundles on P 1 parametrized by M (resp. M R ).
(1) If H |{x}×P 1 is the trivial bundle on P 1 for any x ∈ M , then H := p * H is a holomorphic (resp. C R-an ) vector bundle on M (resp. M R ) and the natural morphism p * H = p * p * H → H is an isomorphism.
(2) If M is connected, the subset Θ of M defined by the property that H |{x}×P 1 is the trivial bundle on P 1 iff x ∈ M Θ is either empty, or equal to M , or locally defined by a single holomorphic (resp. real-analytic) equation.
Moreover, the first point also holds for C ∞ families.
Proof. In the case of holomorphic families, one can use an argument on direct images of coherent sheaves, characterizing Θ as the support of the coherent sheaf
The case of real analytic families is obtained by applying the case of holomorphic families to the complexified family.
For the first point in the case of C ∞ families, one can adapt the proof of [13, §4] , which also applies to the holomorphic or real analytic case. One first notices that this is a local result on M , so that we can assume that M is a polydisc in C n . Then, applying Grauert's theorem (or a simple variant of it, as [12, Cor. 2.17]), we can assume that H and H are trivial holomorphic vector bundles. Let us denote by d the rank of H , H . Fixing the trivializations, the pairing C S is now regarded as an invertible d × d-matrix C x (z) defined on M × {1/r < z < r} with r > 1 (up to shrinking M once more), which is holomorphic with respect to z and C ∞ with respect to x.
The bundle H |{x}×P 1 is trivial if, up to reducing r > 1, there exist holomorphic
. Therefore, the proof consists in finding Σ , Σ depending in a C ∞ way on x. The conclusion follows by checking that the formula given in loc. cit. for Σ depends in a C ∞ way on x.
2.b. Variation of twistor structures. The notion of variation of twistor structure was introduced by C. Simpson [31] . He emphasized that it is convenient to express the relation between D and V D in the definition of a harmonic bundle by adding a parameter z and to express it with the notion of a z-connection, already suggested by P. Deligne.
By a real-analytic (resp. C ∞ ) variation of twistor structure on M we mean the data of a triple (H , H , C S ) defining a real-analytic (resp. C ∞ ) family of holomorphic bundles on P 1 as above, such that each of the holomorphic bundles H , H is equipped with a relative holomorphic connection
which has a pole along z = 0 and is integrable. Moreover, the pairing C S has to be compatible (in the usual sense) with the connections, i.e.,
Let us note that we can define ∇ as
If we regard C S as a C * ,an -linear isomorphism
the compatibility with ∇ means that C S is compatible with the connection d +∇ on the left-hand term and ∇ ∨ +d on the right-hand term, where d , d are the standard differentials with respect to M alone. The adjoint (H ,
. With respect to (2.3), we can write C † S = C S ∨ . We say that the variation is
• pure of weight 0 if the restriction to each x ∈ M defines a trivial holomorphic bundle on P 1 . 
. That C S is Hermitian implies that h is Hermitian in the usual sense.
One defines E as the restriction of H at z = 0, Φ as the residue of ∇ along z = 0, D + Φ + Φ † as the restriction to z = 1 of ∇ + d . Conversely, let us be given a harmonic Higgs bundle (E, h, Φ). Let H be the C ∞ -bundle associated with E and let H 0 = C * ,an
H be the pull-back of H by p : M × Ω 0 → M (where, as above, * is for R-an or ∞, depending on whether h is real analytic or C ∞ ). This bundle is equipped with the d -operator d + zΦ † , which defines a holomorphic bundle H = Ker(d + zΦ † ), equipped with the meromorphic connection
, then we can extend h as
by C * ,an M R ×S -linearity and define C S to be its restriction to
Definition 2.6. Let (H , ∇, C S ) be a variation of Hermitian pure twistor structure of weight 0. We say that it is a variation of polarized pure twistor structure of weight 0 if h is positive definite.
2.c. Supplementary structures on a variation of twistor structure. We introduce new structures in a way analogous to that of §1.c. We assume that (H , ∇, C S ) is a variation of Hermitian pure twistor structure of weight 0.
Real structure. Let P be a nondegenerate
Let us notice that, on S, σ and ι coincide. Therefore, restricting P to M × S and composing with C S (cf. (2.3) ) we get an isomorphism (2.7)
K S : C * ,R-an
(Let us note that we use the usual conjugation functor here.) We say that P is a real structure if the following holds:
P is ι-Hermitian, i.e., P = ι * P ∨ , (3) P is compatible with ∇ and ι * ∇ ∨ .
Remark 2.8. We could have defined the real structure directly from K S , but we emphasize here that the corresponding P |S should be the restriction of a ι-sesquilinear form P on H . In the integrable case below, P |S defines P on M × Ω * 0 , so our assumption here means that we are given an extension of P |Ω * 0 at z = 0.
Lemma 2.9. The equivalence of Lemma 2.4 specializes to objects with real structures.
Integrability. A variation of twistor structure (H , H , C S ) is integrable if the relative connection ∇ on H comes from an absolute connection, also denoted by ∇, which has Poincaré rank one (cf. [20, Chap. 7]). In other words, z∇ should be an integrable meromorphic connection on H , H with a logarithmic pole along z = 0. We also ask for a supplementary compatibility property of the absolute connection with the pairing in the following way: In case we start with a polarized complex Hodge structure of weight 0 on H, we choose U = 0 and Q = p∈Z p Id H p,−p to recover an integrable polarized pure twistor structure of weight 0 (cf. Example 1.34).
Lemma 2.4 is now made precise in the case of integrable twistor structures. Remark 2.12. The restriction to each point of M of an integrable variation of polarized pure twistor structures of weight 0 is an integrable polarized pure twistor structure of weight 0. Therefore, it is in particular a polarized complex Hodge structure plus supplementary data (Example 2.10). Nevertheless, it may not correspond, in general, to a variation of polarized Hodge structure of weight 0.
A sufficient condition to get such a variation of Hodge structure is that U ≡ 0: in such a case, according to (1.13) and (1.16), Q is annihilated by D and its eigenvalues are constant (use an orthonormal frame for h in which the matrix of Q is diagonal); the eigenspace decomposition of H is left stable by D and is shifted by one by Φ, according to (1.15) .
Such a condition is satisfied if we assume that M is compact Kähler, so that the notion of integrable variation of polarized twistor structure of weight 0 is a special case of that of variation of polarized complex Hodge structure (cf.
]).
The same holds if M is a punctured compact Riemann surface and the behaviour at the punctures is tame (cf.
[29] for this notion): this has been proved by C. Hertling and Ch. Sevenheck.
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One can expect that such a result holds in the higher dimensional case, if we keep the tameness assumption.
Therefore, when M is quasi-projective, the notion of integrable variation of polarized twistor structure of weight 0 should be a new object only when a nontame (i.e., wild) behaviour occurs at infinity on M . In other words, this notion can be regarded as the right replacement of that of a polarized complex variation of Hodge structure of weight 0 when one wants to take into account a wild behaviour at infinity.
Let us now come back to the general notion of an integrable Hermitian variation of twistor structure. One can remark that, as ∇ is integrable, the restriction of (H , ∇) to M × Ω * 0 (where Ω * 0 := Ω 0 {0}) is determined up to isomorphism by giving the corresponding locally constant sheaf Ker ∇. Similarly, on M R × S, the pairing C S is determined by its restriction to the corresponding local systems. Therefore, giving an integrable variation of twistor structure with a nondegenerate Hermitian pairing is equivalent to giving (1) a holomorphic vector bundle H on M × Ω 0 with a meromorphic connection ∇ having Poincaré rank one along M × {0} (i.e., z∇ has at most a logarithmic pole along M × {0}), (2) a nondegenerate pairing
The second part of the data is of a purely topological nature, as Ker ∇ |M ×Ω * 0 is a locally constant sheaf. Moreover, recall that ι coincides with σ on S. As a direct application of Proposition 2.2 we get: Corollary 2.13 (C. Hertling [7] ). Let us assume that M is 1-connected and let
be the unique nondegenerate Hermitian pairing extending C o S . It defines a real-analytic family of holomorphic bundles parametrized by M . Let us moreover assume that the twistor structure at x o corresponding to these data is Hermitian and pure of weight 0.
Then there exists a (possibly empty) real analytic subvariety Θ x o of M such that, on the connected component of M Θ containing x o , the Hermitian variation of twistor structure (H , ∇, C S ) is pure of weight 0. If moreover it is polarized at x o , it is polarized on this connected component.
Remarks 2.14.
(1) This corollary shows that, given (H , ∇) having Poincaré rank one along z = 0, it underlies an integrable variation of polarized pure twistor structure in some neighbourhood of x o if and only if the fibre at x o can be endowed with the structure of an integrable polarized twistor structure of weight 0. Integrability with real structure. Let (H , ∇, C S , P) be a variation of Hermitian pure twistor structure of weight 0 with real structure P. We say that it is integrable if (H , ∇, C S ) is integrable, as defined above, and P is compatible with the absolute connections (not only the relative ones).
The conjunction of Lemmas 2.9 and 2.11 holds. Similarly, starting with an integrable (H , ∇, P), we get as in corollary 2.13 that, if M is 1-connected, an integrable variation of real Hermitian twistor structure on M with underlying (H , ∇, P) is determined by a real structure
and if
it is pure of weight 0 (resp. pure of weight 0 and polarized) at x o , it is so on M Θ. Potentiality. We now consider the analogue of the potentiality property. Let (H , ∇, C S ) be a variation of Hermitian pure twistor structure of weight 0. By a potential we will mean an isomorphism of holomorphic bundles p * E ∼ −→ H inducing the identity when restricted to z = 0. Recall that H is the holomorphic bundle (p * H, d + zΦ † ). On the other hand, p * E = (p * H, d ). Therefore, such an isomorphism can be expanded as Id H +zB 1 + · · · + z k B k + · · · , where the B k are C ∞ endomorphisms of H and the condition is
In particular, the order-one condition is d B 1 = Φ † , that is, the potentiality condition for the harmonic Higgs bundle corresponding to (H , ∇, C S ). But the potentiality condition for the variation of twistor structure is stronger than that for harmonic Higgs bundles.
2.d.
A criterion for a Saito structure to be harmonic. Let us consider a Saito structure (E, , g, Φ, U , V ) of weight 0. We consider on M ×Ω 0 the pull-back bundle p * E via p : M × Ω 0 → M , equipped with the meromorphic connection (2.15)
The bilinear form g then defines then a nondegenerate bilinear pairing
which is Hermitian with respect to the involution ι. If we denote by L the local system Ker ∇ |M ×C * and by L |S its restriction to M × S, where S = {z | |z| = 1}, we get a nondegenerate pairing P |S :
Corollary 2.17 (cf. [7, Th. 5.15]). In this situation, assume moreover that there exists a real structure
defines an integrable variation of Hermitian pure twistor structure of weight 0. Then the Saito structure (E, , g, Φ, U , V ) is harmonic.
Proof. As the variation of twistor structure is defined on p * E, we have a given identification H = p * E and the potentiality property is fulfilled. The corollary is then a consequence of the extensions of Lemma 2.4 given above.
Remarks 2.18.
(1) By the corollaries 2.13 and 2.17, if there exists
) defines a pure twistor structure of weight 0, then (E, , g, Φ, U , V ) is harmonic on some neighbourhood of x o . The same conclusion holds with the polarization property. (2) This proposition can be applied to the Saito structure attached to a Frobenius manifold, and gives a criterion for a Frobenius manifold to be harmonic.
Twistor structures through Fourier-Laplace transform
According to Corollary 2.13, an important step in constructing an integrable variation of pure twistor structure of weight 0 is to construct it at one point, i.e., to construct an integrable pure twistor structure of weight 0. Checking that
is such an object is not straightforward. We indicate in this section how to produce such an integrable pure twistor structure of weight 0 starting from a variation of polarized Hodge structure of weight 0 on a punctured Riemann sphere, by using the Fourier-Laplace transform. This will produce an integrable polarized pure twistor structure of weight 0: the polarization property is essential here, to get the purity property.
3.a. Laplace transform. Let V an be a holomorphic vector bundle on the punctured affine line A 1 P , where P = {p 1 , . . . , p n } is a finite set of points. We assume that V an is equipped with a holomorphic connection ∇ an . By a classical result of Deligne, there exists a unique meromorphic extension (V, ∇) of (V an , ∇ an ) on P 1 such that ∇ has only regular singularities at {p 1 , . . . , p n , ∞}. Taking global sections of V on P We will be mainly interested in the behaviour of F M near τ = ∞ and we will set z = 1/τ , so that z
, an algebraic vector bundle on the torus C * . Moreover, the action of t = −∂ τ = z 2 ∂ z defines a connection F ∇ on it, which is known to have a regular singularity at τ = 0 and, in general, an irregular one at z = 0 (see e.g. [14] or [17, Chap. V]).
Assume now that we are given a is stable under z 2 ∂ z ).
We will define (H
o , ∇ o ) to be the analytization of (G (L) 0 , F ∇).
3.b. Fourier transform of a sesquilinear pairing. Let us assume that the holomorphic bundle V
an is equipped with a ∇-horizontal nondegenerate Hermitian pairing k (but not necessarily positive definite), that is,
. Let us moreover assume that k extends to M ⊗ C M as a Hermitian sesquilinear pairing k with values in the Schwartz space S (A 1 ) of tempered distributions on A 1 (i.e., distributions on A 1 having moderate growth at infinity), in a way compatible with the natural action of
Remark 3.1 (A criterion for k to be nondegenerate). While the nondegeneracy property of k is easy to define (by restricting to points of A 1 P ), that of k needs some care. The first step consists in considering the
, where the C[t] ∂ t -structure comes from that on S (A 1 ). It is called the Hermitian dual of M and was introduced by M. Kashiwara in [10] . Then giving k is equivalent to giving a C[t] ∂ t -linear morphism M → M † . We say that k is nondegenerate if this morphism is an isomorphism.
In general, if M is holonomic, then M † is so: this is proved in [10] if M has only regular singularities and in [18] in general (but on a manifold of dimension one, A 1 here). Moreover, the previous construction can be localized in the analytic topology of P 1 ; in particular, we replace S (A 1 ) with the sheaf of distributions on A 1 having moderate growth at infinity. Then, on restriction to (A 1 P )
an , the nondegeneracy of k in the sense of D-modules is equivalent to that of k in the usual sense. In other words, saying that k is nondegenerate is equivalent to saying that the kernel and the cokernel of k : M → M † are supported on P . At this point, let us recall a definition: we say that M is a minimal extension (one also says an intermediate extension, or a middle extension, with reference to perverse sheaves) if M has neither a nonzero submodule nor a nonzero quotient module supported on P .
As the construction † is functorial (in a contravariant way) for C[t] ∂ t -modules (see loc. cit.), M is a minimal extension iff M † is so. In this case, the kernel and cokernel of k, if supported at P , must be zero. In other words, if k is nondegenerate and is extended to a sesquilinear pairing k on the minimal extension M of (V, ∇), then k is also nondegenerate.
This motivates the change of the definition of M in §3.a, and the replacement of the C[t] ∂ t -module naturally associated to M with its minimal extension.
Fourier transform of k. We then denote by 
M (note the ι * here, due to exp(tτ − tτ ) = exp −(tτ − tτ )). Considering the Hermitian duality functor, we see that, composing with the Fourier transform S (A
taking its Laplace transform gives a linear morphism
, and using Fourier identification above gives
In particular, if k is nondegenerate, then so is F k. Twistorization. In particular, restricting to τ = 0 and sheafifying in the analytic topology gives a ∇ o -flat nondegenerate Hermitian pairing (with respect to the composition of the involution ι and the conjugation)
By flatness, giving such a pairing is equivalent to giving the pairing induced on
Finally, as S → C * is a homotopy equivalence, giving this pairing is equivalent to giving the restricted pairing
In conclusion (and extending slightly the previous construction), given (M, L, k), where M is a holonomic C[t] ∂ t -module having a regular singularity at infinity and which is a minimal extension at P , L is a C[t]-submodule of finite type of M which generates it over C[t] ∂ t , and k is a nondegenerate sesquilinear Hermitian pairing on M with values in S (A 1 ), we obtain, by Fourier-Laplace transform, a twistor structure is the restriction to S of a sesquilinear pairing F k which is defined at z = 0 and taking value there in the space of distributions having moderate growth z = 0. More generally, given a free C{z}-module G 0 equipped with a connection having Poincaré rank one, and with a Hermitian nondegenerate sesquilinear pairing c on G 0 ⊗ C ι * G 0 taking values in the space of germs of distributions with moderate growth at z = 0, c being compatible with the ∂ z -and ∂ z -actions, one can ask for a criterion ensuring that, if we extend flatly G 0 and c to Ω 0 , the triple (G 0 , ∂ z , c S ) is pure of weight 0 (and polarized).
Let us also recall that G 0 [1/z] is completely determined in terms of the formal meromorphic connection
and the Stokes structure, and that G 0 [1/z] has a decomposition into simple objects (Turrittin-Levelt decomposition). Moreover, according to a result of Malgrange, G 0 is completely determined by
One can ask whether c can be determined by the data of sesquilinear pairings on the objects of the Turrittin-Levelt decomposition of G 0 [1/z] (that we could denote by c) and a correspondence between Stokes matrices and their transpose-conjugate (to go from c to a sesquilinear pairing on the objects of the Turrittin-Levelt decomposition, one can use [18] after twisting by suitable exponential factors; on the other hand, describing the correspondence between the Stokes cocycle for
† is the content of the proof of [18, Th. II.3.1.2]). If this were the case, it would be interesting to give a criterion for the purity or polarization of (G 0 , c S ) in terms of ( G 0 , c) and the Stokes matrices (cf. [9, Conjecture 10.2] for a precise conjecture in this direction and §8 of loc. cit. for a more precise analysis).
3.c. Application to variations of Hodge structures. Let us assume that (V an , ∇) underlies a variation of polarized complex Hodge structure of weight 0 with flat Hermitian pairing k and associated metric h (cf. Example 1.34). Let V be the subsheaf of j * V an (j : A 1 P → P 1 ) consisting of sections whose h-norm has moderate growth near P ∪ {∞}, and let L ⊂ V be the subsheaf consisting of sections of V whose h-norm is L 1 loc near any p i ∈ P (with respect to the local Euclidean metric at p i ). Classical results of Schmid's theory [27] on variations of Hodge structures, suitably extended to variations of complex Hodge structures, imply that V is an algebraic vector bundle on A 1 P with a connection having only regular singularities, and L is an algebraic vector bundle on
Then it can be shown that M is a minimal extension at each point of P .
Moreover, the sesquilinear pairing k extends to M with values in S (A 1 ) (see the details in [22, §3g]), in a nondegenerate way as we have seen in Remark 3.1. Sketch of proof. Let us first explain in other terms the construction above, in particular the twistorization step, which looks mysterious. To the variation of Hodge structure one associates an integrable variation of twistor structure, by adding the external parameter z (cf. Lemma 2.11).
There is a well-defined notion of Fourier-Laplace transform of a variation of twistor structure (integrable or not) and we are mainly interested in the fibre at τ = 1 of this Fourier-Laplace transform (where τ is the parameter introduced in §3.a). The fundamental result, independent of the integrability condition, is Theorem 3.4. The Fourier-Laplace transform of a tame variation of polarized pure twistor structure of weight 0 is a variation of polarized pure twistor structure of weight 0 on C * = {τ = 0} with a tame behaviour at τ = 0. In particular, the fibre at τ = 1 of this variation is a polarized pure twistor structure of weight 0.
On the other hand, the behaviour at τ = ∞ is usually not tame, and is understood in particular cases by S. Szabo [32] .
Let us now use the integrability condition. Starting from an integrable variation of twistor structure, its Fourier-Laplace transform remains integrable. Therefore, the fibre at τ = 1 is an integrable twistor structure. When we more specifically start from a variation of Hodge structure, where we have a Hodge filtration, this integrable twistor structure is canonically identified with the twistor structure obtained from (G
In other words, although the variation of twistor structure uses two a priori distinct variables τ −1 and z, this variation is produced from the fibre at τ = 1 by rescaling the variable z, the rescaling parameter being τ . This is analogous (without considering any real structure however) to the orbits of TERP structures considered in [9] and explains the rather mysterious twistorization construction above (cf. the proof of the main theorem 1.32 in [22]).
Let us now come back to the proof of Theorem 3.4, which is the main point for getting purity. Let us emphasize that we get purity together with polarization, and that, without the polarization assumption on the original variation of twistor structure, the L 2 techniques are not enough. According to Lemma 2.4, we consider a holomorphic bundle E on A 1 P , equipped with a Hermitian metric h and a holomorphic Higgs field Φ. We assume that (E, h, Φ) is a tame harmonic bundle in the sense of Simpson [29] (i.e., (E, h, Φ) is a harmonic Higgs bundle on A 1 P and we impose a growth condition on the eigenvalues of the Higgs field at the points of P ∪ {∞}).
Let us consider the exponentially twisted harmonic bundle (E, h, Φ − dt). This remains a harmonic bundle which is tame at P , but wild at ∞. The main point in the proof of Theorem 3.4 is to find (using the notation of Theorem 3.3) a finite dimensional C-vector space H o in H o which contains an orthonormal basis for C o S . This is done using L 2 -theory:
The space of L 2 harmonic sections of E⊗A 1 A 1 P (1-forms with values in E), with respect to the metric h and a metric on A 1 P equivalent to the Poincaré metric near P ∪ {∞}, and with respect to the Laplace operator of
is finite dimensional and independent of z.
Remark 3.6. The proof of this theorem that I first gave by using a degeneration argument τ → 0 was only valid for (E, h, Φ − τ dt) for |τ | small (depending on (E, h, Φ)). The proof I gave can be made correct (cf. the erratum in [19] ) by using in particular an argument whose proof is due to the the referee of [22] (note also that S. Szabo proves a similar result in [32, Lemma 2.32] , with different methods however):
The harmonic sections have an exponential decay when t → ∞.
Regarding the parameter z in Theorem 3.5 as the external parameter of a twistor structure (the metric being given by the L 2 metric), the result of this theorem is the L 2 -construction of a polarized pure twistor structure of weight 0. In order to realize our L 2 -twistor structure as the fibre at τ = 1 of the FourierLaplace transform of the original variation of twistor structure, one uses a technique which goes back to S. Zucker [34] which provides an identification with L 2 meromorphic sections (see the details in [19, 22] ). In fact, this identification is already needed in the proof of Theorem 3.5 to ensure the finite dimensionality of the spaces of L 2 sections which are involved.
The harmonic Frobenius manifold attached to a Laurent polynomial
Let U be the torus Spec C[u 1 , . . . , u n , u
n ] be a Laurent polynomial. Throughout this section, we will assume that f is convenient and nondegenerate in the sense of Kouchnirenko [11] . Let us recall that the convenience assumption means that the origin belongs to the interior of the Newton polyhedron of f . A nice example is f w (u 1 , . . . , u n ) = u 1 + · · · + u n + 1/u w1 1 · · · u wn n with w i ∈ N * (and, for simplicity, gcd(w 1 , . . . , w n ) = 1).
We will also use a stronger convenience assumption.
Definition 4.1 (A. Douai). We say that f is strongly convenient if, denoting by 0 = α 0 , α 1 , . . . , α r the integral points contained in the interior of the Newton polyhedron of f , the polynomial ring on u α1 , . . . , u αr surjects onto C[u,
The assumption holds for instance if there exists a Z-basis e 1 , . . . , e n of Z n such that {±e 1 , . . . , ±e n } belong to the interior of the Newton polyhedron of f .
To any convenient and nondegenerate Laurent polynomial is attached in a canonical way a Frobenius manifold, under one of the following assumptions: (4.2) f has only nondegenerate critical points and the critical values are distinct, (4.3) f is strongly convenient.
Let us note that the Laurent polynomial f w satisfies the first assumption but not the second one.
We recall in §4.a the construction of this canonical Frobenius manifold, which is due to A. Douai ([3, 4] ) in the strongly convenient case (4.3). In §4.b, we enrich this structure to a structure of harmonic Frobenius manifold. The main argument consists in endowing the Brieskorn lattice of f with a polarized pure twistor structure. This point is not specific to convenient and nondegenerate Laurent polynomials, but is a general result for cohomologically tame functions on affine manifolds. We thus take the general point of view in §4.b.
4.a. The Frobenius manifold attached to a Laurent polynomial.
Let f be a convenient and nondegenerate Laurent polynomial. The C-vector space C[u, u −1 ]/(∂f ) is finite dimensional and its dimension µ(f ) is the sum of the Milnor numbers of f at each of its critical points. We will construct a canonical Frobenius manifold structure on the analytic germ M along a submanifold N of the C-vector space C[u, u −1 ]/(∂f ). The method developed by A. Douai to construct such a structure consists in
(1) choosing a smooth affine subvariety N ⊂ C[u, u −1 ]/(∂f ) canonically attached to f , (2) constructing a Saito structure (E, , g, Φ, U , V ) on a holomorphic vector bundle E of rank µ(f ) on N and canonically attached to f , (3) giving a -horizontal section ω of E, which is homogeneous with respect to V , such that the infinitesimal period map ϕ ω : T N → E is injective, (4) applying the result of [13] in Case (4.2) or [8] in Case (4.3) concerning the existence of a universal unfolding of a differential system to show that ϕ ω extends in a unique way as a primitive homogenous section on some analytic neighbourhood M of N in C[u, u −1 ]/(∂f ), (5) obtaining the Frobenius manifold structure on M by carrying through ϕ ω the Saito structure on E to a Saito structure on T M .
The important point is that, on N , the construction is completely algebraic, while the transcendental part of the construction is hidden in the application of the results of [13] or [8] . This much improves the construction given in [5] , where a universal unfolding of the function itself was used, making the construction less canonical.
The choice of N . By the results of Kouchnirenko [11] , the subspace A r of C[u, u −1 ] generated by the monomials u αi , where (α i ) i=1,...,r denote the integral points of Z n contained in the interior of the Newton polyhedron of f , injects into the Jacobi space C[u, u −1 ]/(∂f ). We consider the deformation
x i u αi parametrized by the affine space A r . Clearly, for any x ∈ A r , the function F x (u) := F (u, x) is convenient and nondegenerate. If f = F 0 satisfies (4.2), there exists a Zariski dense open subset N of A r such that F x satisfies (4.2) for any x ∈ N . If F 0 satisfies (4.3), then so does F x for any x ∈ N := A r . The Saito structure on N . We will first describe the canonical Saito structure parametrized by the complex manifold A r attached to F . We denote by Ω k (U )[x] the space of algebraic differential k-forms on U × A r relative to A r (i.e., with no dx) and by d u the relative differential. The Brieskorn lattice G F,0 of F is the quotient
Under our assumption on f , this is a free C[z, x 1 , . . . , x n ]-module of rank µ(f ), equipped with a connection ∇ having Poincaré rank one along z = 0 (cf. [3] ). The connection is determined by its action on the class [η] of differential forms η ∈ Ω n (U ):
r).
For any x o ∈ A r (for instance x o = 0), let us consider the corresponding object attached to the function The pre-primitive section. Now, the (constant w.r.t. x) complex volume form
defines all along A r a real homogeneous pre-primitive form (it corresponds to the eigenvalue −n/2 of V ). The choice of N (possibly distinct from A r ) is made to apply, in Case (4.2), the theorem of Malgrange at each point of N . In Case (4.3), we can apply the result of [8] all along A r .
4.b. Twistor structures associated to tame functions. We now consider more generally an n-dimensional smooth affine variety U and a regular function f : U → C, that we assume to be "cohomologically tame": this property means that the critical points of f in U are isolated and that no critical value of f comes from a critical point at infinity (see e.g. [21] ). For instance, if U is a torus and f is a Laurent polynomial, tameness is implied by the property of being convenient and nondegenerate. We will attach below to f a canonical twistor structure
which is known to be a free C[z]-module of finite rank µ(f ) (cf. e.g.
[21]) equipped with the connection ∇ o defined by
On the other hand, it is classical (after the work of F. Pham [16] ) that the local system L o is identified with the locally constant sheaf of Lefschetz co-thimbles
, where H * Φz denotes the cohomology with support in the family Φ z of closed sets in U on which Re(f (u 1 , . . . , u n )/z) c < 0.
There is a natural intersection pairing (Poincaré duality pairing made sesquilinear) (4.4) Indication for the proof. Reduction of the problem to dimension one. How can one prove such a positivity statement? One should start with a variation of polarized twistor structure of weight 0 and get our twistor structure by a natural operation from the previous one. Here is an example of such a result:
Hodge-Simpson Theorem. Given a variation of polarized twistor structure of weight 0 on a compact Kähler manifold X, its de Rham cohomology carries a polarized twistor structure (of some weight).
The main ingredient in the proof of the previous theorem is the fact that, for any z ∈ C, the Laplace operator ∆ z relative to the operator D z = d +Φ+z(D +Φ † ) and the Kähler metric is essentially constant: ∆ z = (1+|z| 2 )∆ 0 (this is the analogue of the classical Kähler identity ∆ d = 2∆ d = 2∆ d ). Hence, the space of harmonic sections does not depend on z. This will give the pure weight 0 property. The positivity is obtained by a standard argument of Hodge theory, on primitive sections first.
In 
We are now faced with two problems: U is noncompact and f is not bounded on U (so that e −f can have exponential growth). The Hodge theory for the corresponding Laplacian can be difficult to develop (although it has been developed in some special cases).
Instead, we use Horatio's method : if we face numerous enemies, we fake escaping by running fast, then kill the enemy running faster when he reaches us, then kill the next one, etc. Here, we escape by falling down along the fibres of f : U → A 1 . Let t be the coordinate on A 1 . The Gauss-Manin connection of f gives bundles with connection on A 1 {critical values of f }. The interesting bundle V an has fibre H n−1 (f −1 (t), C). It underlies a variation of mixed Hodge structure (M. Saito). The assumption made on f (cohomological tameness) implies that this mixed Hodge structure is an extension of pure Hodge structures for which one subquotient is a variation of polarized Hodge structure (whose generic fibre is identified with the intersection cohomology of a suitable compactification of f −1 (t)) and any other quotient is a trivial variation of Hodge structure on A 1 . The variation of polarized Hodge structure induces a variation of polarized twistor structure of the same weight.
End of the proof of the theorem. We will give the main steps (cf.
[22] for details).
Starting from f : U → A 1 , we consider the Gauss-Manin system M of f :
with its natural structure of C[t] ∂ t -module. According to a general result of M. Saito [26] , it underlies a mixed Hodge module on A 1 (hence it is equipped with a Hodge filtration F H • M ). This mixed Hodge module has a subquotient M ! * (in the category of mixed Hodge modules) which is a polarized pure Hodge module of weight n, and M is an extension of M ! * by constant Hodge modules (i.e., isomorphic to powers of C[t] with its natural C[t] ∂ t -action and trivial Hodge filtration up to a shift): this is a consequence of the tameness assumption.
Let us set F M ! * := F H −n M ! * and let us choose an index 0 such that M ! * /F 0 M ! * is supported on a finite set of points (this is always possible by definition of a good filtration). We use F 0 M ! * as a submodule L considered in §3.a. We now apply the construction of §3 to M ! * and G ! * ,0 . Theorem 3.3 shows that it is a polarized pure twistor structure of weight 0.
It remains to identify the C ! * ,S with C o S given in Definition 4.5. This is done by analyzing the definition of the polarization given by M. Saito [24] . Proof. The point is to show that the flat extension C S of C o S restricts, up to the factor (−1) n(n−1)/2 /(2πi) n , to the pairing (4.4) defined from F x by Poincaré duality. In other words, one should give a definition of the pairing (4.4) with parameter and show the compatibility with base change. Let us set F (u, x) = (F (u, x), x) : U × A r → A 1 × A r . Then R F ! C U ×A r is a constructible complex on A 1 × A r which is compatible with base change with respect to x ∈ A r . It is also Poincaré-Verdier dual to R F * C U ×A r up to a shift.
Assertion. Given any x
o ∈ A r , there exists a disc D o in A 1 such that the cohomology sheaves of R F ! C U ×A r (or R F * C U ×A r ) are local systems on (A
Let us postpone the proof of the assertion. The partial Laplace transform of R F ! C U ×A r (or R F * C U ×A r ) with respect to A 1 then gives, by the same computations as in [22, §1b] , a constructible complex on (A 1 τ {0}) × A r whose cohomologies are local systems compatible with base change with respect to x ∈ A r , hence there is only one nonzero cohomology local system.
Note that the pairing (4.4) at any x ∈ A r comes by Laplace transform from the Poincaré duality pairing between RF x,! C U and RF x, * C U made sesquilinear, and also from its restriction between RF x,! C U and RF x,! C U because RF x, * C U and RF x,! C U have the same Laplace transform. It is therefore obtained by base change from the partial Laplace transform of the restriction of the Poincaré duality pairing (made sesquilinear) between R F ! C U ×A r and itself. By definition, the latter object is the flat extension of P x .
Sketch of a proof for the assertion. Assume first that there exists a basis of Z n contained in the interior of the Newton polygon of f . We will work with the corresponding coordinates u i and argue as in [1] . The Milnor number of any F x is constant with respect to x ∈ A r and so is the Milnor number of F w x := F x + i w i u i (note that this deformation of f , taken with parameters x and w, is somewhat redundant). As a consequence, given a compact neighbourhood B of the critical points of f , there exists a compact neighbourhood nb( , for m large enough to reduce to the previous case. The assertion then holds for R F ! ρ * C V ×A r and we take invariants with respect to the covering group action to obtain the result.
